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Abstract

Based on the spin fluctuation mechanism we have succeeded in deriving
formulae for the magnetic entropy and the specific heat of itinerant electron
ferromagnets that cover the wide range of the temperature and the external field
strength. We show that it is necessary to include an extra term into the free
energy for a thermodynamically consistent treatment. We are able to predict
several new features on the temperature and the external field dependence,
an extra enhancement of the 7-linear coefficient at low temperature and the
presence of a critical peak anomaly of the specific heat, for instance. They
result from terms proportional to the second-order temperature derivative of
the spontaneous magnetization. The presence of the terms is connected with
the Maxwell relation of thermodynamics.

1. Introduction

The enhancement of the heat capacity at low temperature and its suppression by the
external magnetic field of exchange-enhanced paramagnets as well as itinerant electron weak
ferromagnets already have a long history of intensive theoretical and experimental studies.
There has been a revival of interest recently in relation to low-dimensional itinerant electron
systems (Hatatani and Moriya 1995) and quantum critical phenomena (Hertz 1976, Millis
1993, Ziilicke and Millis 1995, Ishigaki and Moriya 1996, Pfleiderer et al 1997).

In the 1960s most of the interests were focused on the temperature and the external field
dependence of the highly exchange-enhanced Landau Fermi liquids. Based on the random
phase approximation, low temperature behaviours were discussed by Doniach and Engelsberg
(1966), Brinkmann and Engelsberg (1968), and Berk and Schrieffer (1966). These studies are
now known as paramagnon theories. Within the same framework the external field suppression
of the specific heat was also discussed by Béal-Monod ez al (1968), Béal-Monod (1981), Hertel
et al (1980), and Béal-Monod and Daniel (1983).
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Around the beginning of the 1970s, a novel approach, now called the self-consistent
renormalization (SCR) spin fluctuation theory, was proposed by Moriya and Kawabata (1973a,
1973b) for the explanation of the observed Curie—Weiss temperature dependence of the
magnetic susceptibility of weak itinerant electron ferromagnets. It is based on the decoupling
of nonlinear terms among spin fluctuation modes with various wavevectors. By the proper
self-consistent account of the feedback effect of the mode-mode coupling, these authors
succeeded in explaining many magnetic properties in the wide temperature range from the
low temperature limit to the paramagnetic phase through the transition temperature (Moriya
1985). The temperature dependence of the specific heat was treated by Murata and Doniach
(1972) for the first time from the simplified view of the mode-mode coupling idea. More
elaborate treatment was given by Makoshi and Moriya (1975), and Hasegawa (1975) based
on the SCR spin fluctuation theory. It was soon extended by Takeuchi and Masuda (1979)
to include the external field dependence in order to compare their experiments on Sc3In. For
nearly ferromagnetic metals, the quantitative analysis of the temperature dependence was given
by Konno and Moriya (1987).

The studies on the specific heat along this approach, however, had some shortcomings. The
SCR theory predicts a spurious discontinuous dip just above the critical point in the temperature
dependence (Makoshi and Moriya 1975). As for the external magnetic field dependence, no
attention has been paid to the Maxwell relation of the thermodynamics, though its importance
was recognized by Béal-Monod (1981) and Shioda er al (1988), for instance, in relation to the
field dependence of the specific heat of exchange-enhanced paramagnets.

The original SCR spin fluctuation theory also assumes that the zero-point quantum spin
fluctuation amplitude is rigid and will show neither temperature nor external magnetic field
dependence. The effect is therefore discarded from the beginning. The self-consistent
spectral change of spin fluctuation modes plays predominant roles in the Curie—Weiss like
temperature dependence of the magnetic susceptibility. It is not so clear why its effect on the
quantum amplitudes is neglected. It was not so easy to treat the magnetic field dependence
of various properties, the magnetic isotherm for instance. In the presence of the induced
magnetic moment, we have to deal with anisotropic spin fluctuation amplitudes. We are then
forced to study coupled integro-differential equations simultaneously (Lonzarich and Taillefer
1985). Because of this difficulty, the SCR theory is mainly concerned with properties on the
temperature axis of the phase diagram.

One of the present authors has shown that the spectral change also has a profound effect
on the quantum spin fluctuations. The quantum fluctuations cannot be neglected. We then
have to deal with the large amplitude fluctuations as the sum of both the thermal and quantum
components. Based on the idea of the total spin amplitude conservation, he has succeeded
in deriving various interesting theoretical consequences (Takahashi 1986, 1990, 1992, 1994,
1997a, 1997b) and Takahashi and Sakai (1995, 1998). They were supported by various later
experimental studies (Yoshimura er al 1988a, 1988b, Shimizu et al 1990, Nakabayashi et al
1992, Fujita et al 1995). As an example, the M—H curve is generally determined by the effect
of spin fluctuations. Even in the ground state with no thermal amplitude, it is determined
by the response of zero-point fluctuations to the applied magnetic field, in distinct contrast
with the Stoner—Wohlfarth single particle picture and the SCR theory. The positive mode—
mode coupling constant of FeSi observed by nonlinear magnetization measurements (Koyama
et al 2000) is consistent with this mechanism (Takahashi 1998), while the single particle
picture gives an inappropriate negative constant. Weak temperature dependence of the total
spin amplitude in partial ferromagnets has recently been confirmed in the one-dimensional
Hubbard chain by the exact numerical diagonalization method (Nakano and Takahashi 2004).
The effects of the quantum spin fluctuation amplitude have also been studied based on the
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Landau—Ginzburg model of the second-order phase transition (Solontsov and Wagner 1994,
1995, Kaul 1999, Semwal and Kaul 1999). It is not so obvious how the free energy expansion
is justified in terms of such large amplitude quantum fluctuations as were clearly observed by
polarized neutron scattering experiments on MnSi (Ziebeck et al 1982) throughout the wide
temperature range.

According to the quantum spin fluctuation theory mentioned above, the temperature
dependence of the specific heat was treated by Takahashi (1999) based on a free energy,
consistent with the conserved local spin amplitude. Although it is confined within the
paramagnetic phase with no external magnetic field, he can give an answer that resolves
the unfavourable temperature dependence of the specific heat just above T.. As far as the
paramagnetic phase is concerned, it is based on the entropy that satisfies the Maxwell relation
of thermodynamics. It is extended to the case of FeSi, and compared well with experiments
(Takahashi et al 2000).

The purpose of the present paper is therefore to extend our previous study to the ordered
phase and to give the unified theoretical framework that enables us to treat the specific heat
in the global H-T or M-T phase diagram. Almost no efforts have appeared since the work
by Takeuchi and Masuda (1979) to overcome the above difficulties on the field dependence of
the specific heat of itinerant electron ferromagnets. We propose a way to extend our previous
free energy expression to the more general case in the presence of anisotropic spin fluctuation
amplitudes below 7.. Based on the free energy, we will give a consistency check of our
formalism by the Maxwell relation of thermodynamics.

In the next section, we propose a free energy due to the magnetic excitations. A brief
review of our spin fluctuation theory is also given. The general expressions of the magnetic
entropy and the specific heat are derived in section 3. Based on the formula, the temperature
and the external magnetic field dependence are discussed in sections 4 and 5, respectively. The
summary and some discussions are presented in the final section.

In what follows the uniform magnetization M is expressed in terms of the dimensionless
parameter o in units of Bohr magneton up per magnetic atom, and the wavevector dependent
external field H by & in energy units:

M = Nougo, h=2ugH

where N is the number of magnetic atoms in the system. The static and uniform magnetic
susceptibility x (0, 0) measured in units of 43 is in the present units given by

x(0,0)/Ny = c/2h.

2. Magnetic free energy in the ordered phase

Let us first assume that the free energy consists of the sum of the following two contributions.

F(y,y.,0,1) = F(y, y;, 0, 1) + F(y, 0, 1). (2.1)
The first term F comes from the effect of spin fluctuations with finite damping given by
1 o 10 rs
Fu(y, yo, 1) = — / do [—+T1n(1—e*w/T)]7"
T n Xq: 0 2 (T2 + w?
2 o r
+ =T do In(1 —e /Ty —1
bid q;q /0 In(l—e ) 2 +w?

+12/Ood Vo NoTayo/a+ AF 2.2)
— O ——= o .
w q 0 F§+a)2 024y
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where I'; and I'; represent the damping constants. It consists of the sum of contributions
from both the longitudinal and the transverse fluctuations, and the Zeeman energy due to the
externally applied magnetic field. We assume that Fy; is a function of the inverse of the magnetic
susceptibilities, y and y, defined below, for transverse and longitudinal degrees freedom with
respect to the external field direction. The wavevector summation of the transverse component
starts from the lower bound ¢, because of the presence of spin-wave modes. In our previous
study on the magnetic isotherm of the itinerant electron weak ferromagnets (Takahashi 2001),
we pointed out the significance of the cut-off effect in dealing with the transverse thermal spin
fluctuation amplitude below the critical temperature 7. Since the quantum spin fluctuations
have widespread spectral widths in frequency space, spin-wave effects on them are not so
serious. Therefore only the explicit account of the effect on the thermal modes is taken in
this treatment. The third term of the transverse quantum component is thus given as the sum
throughout the whole of the Brillouin zone. The fourth term represents the Zeeman energy
—M H expressed in terms of y and o. The last correction term A F is discussed later in this
section.

The above form of the free energy assumes the presence of highly exchange-enhanced
spin fluctuation modes. Their energy spectrum, given in terms of the imaginary part of the
dynamical magnetic susceptibility, is well approximated by the double Lorentzian form in the
frequency and the wavevector space,

w o
Im xo(q, @) = xa(q, O)ﬁ{ioﬂ (2.3)
q
where « represents the parallel and perpendicular polarization to the induced moment. The
wavevector dependent static susceptibility xo (¢, 0) and the damping constant I';" are given by
X« (0, 0) No 1

Xa(%o)—m—mma (x =q/qs)

T¢ =Toq(q” + k) = 21 Tox (yo +x°) 24
Tx = Nogj/2xa (0, 0)xcg, Ty = Togy /27, Yo = Ke/q5-

The inverse squared correlation length «2 is proportional to x,, ! (0, 0) defined by the second-
order derivatives of the free energy in the parallel and perpendicular moments, § M and M,
ie.

No oh 0°F
= =Ty X .
2)(“(0, O) do 88M” (2 5)
No _h_ .o 9*F ‘
200,00 o AT omE

The constant parameter 74 introduced above stands for the measure of the distribution of
No/x«(gq,0) in wavevector space, since the lower and the upper bounds of Ny/x«(q,0) are
given by y, < 1 for ¢ = 0 and 2T4(1 + y,) =~ 2T4 for ¢ = gp, respectively, while
Ty characterizes the spectral width in frequency space. The zone-boundary wavevector is
denoted by gp. The spin fluctuation amplitudes become anisotropic when the static magnetic
moment is present. The effect is taken into account in terms of reduced anisotropic inverse
susceptibilities y,. Throughout the paper, the magnetic moment and the field are assumed to
be along the z-axis. The subscript o (superscript for I') for the parallel modes are, therefore,
denoted by y, for instance, while those for transverse modes are suppressed.

In terms of the imaginary part of the dynamical susceptibility, the local spin amplitude on
the ith lattice site can be given as the sum of thermal and quantum (zero-point) amplitudes as



Field dependence of the heat capacity of itinerant electron ferromagnets 4509

follows (in the paramagnetic phase).
(87) = (SHr (o vz ) + (82 (v, v2)

S 2 * dow I
(SH)r(y, ye 1) = N_gz | @ mK.)
qa

3Ty
T—[2A(y,t)+A(yZ,t)]
A

5 1 * dw
§2003) = > Mg @)
qo

37
(82)2(0,0) — T—A(’cz(zy +2)

where t = T/ T is the reduced temperature and c; is a positive numerical constant of the order
of unity. The thermal amplitude A(y, ) is defined by

1
Ay, t) = / dxx3[1nu —12u — Yy )], u=ux(y +x2)/t. (2.6)
0

The Bose factor and the digamma function are, respectively, denoted by n(w) and ¥ ().
The second term in (2.1) represents the contribution from the spin-wave excitations. It is
given by

Fo(v,0,0) =T ) In(l —e ) + NoTalyni (o, 1) +no(o, 1)]
q<qsw

wy =Taroy + D(o)q>.

The first term of the spin-wave frequency w, represents the external magnetic field /. Since
our free energy is a function of y and o, we use this notation. The functions 7, (o, t) and
no (o, t) are variables introduced for the Legendre transformation to define the free energy as a
function of o instead of /. The spin-wave modes are confined within the small region around
the origin of the wavevector space. The upper cut-off vector is denoted by gsw-

To find the minimum of the free energy, we need its variation against the parameters o
and y. For the spin-wave modes, it is given by

1 aD(o)
§Fyy = Ty Z n(w,) [aay + (y i qz) 50}

4 <qsw

+ NoTalni(0)8y + yn|(0)8a ]+ NoTany(o)so
= Nol6ToAsw(y, 0, 1) + Tani(0)]8y
+ NoTa {i > <y i a—Dq2> n(wg) + yn| (o) + 776(0)} 8a.
No & \" 7T, 9o

The first term represents the thermal spin-wave amplitude for the transverse modes. The
function Ay, is defined by

Tao Tyo / e x2
A ,o,1) = n(w,) = — dx —, Xe = s .
sw(y ) 6NOT0 q; ( q) 2T0 o elgwq 1 ( c QGW/QB)
In the long-wavelength limit where S, < 1is satisfied, the integrand of the above wavevector
integration is given by

Tio  x2 N TaTo tTyox2 x?2

t
2Ty P — 1~ 2Tow,  2[Taoy + D(0)q?] 2y +[D(0)g3/Taclx?’
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If we assume the relation D(cr)q% /T4o = 1,itis easy to see that it smoothly tends to the long-
wavelength limit, x3/2u, of the integrand of the transverse thermal spin fluctuation amplitude
A(y, t)in(2.6). Itisreasonable for us to assign this as the transverse spin amplitude due to spin-
waves. We assume the above form of the spin-wave stiffness constant throughout this paper.
Now against the variations of o and y, the change of the free energy § F is given by
2

T;
8(F/No) = TA{3T—2[2At(y, 0+AY, 1) —c:2y+y)l+ % +n1(0) — A(Sf)wt}(Sy

Tx 2
+3To | A(y,, 1) — ¢y, — o7, A(Si>lot Ay,
0

+ Ty [Nio ,,; (v +x7)n(,) + yr, () + 776(6)} So

+ Tayodo /2 +8(AF;/Np) 2.7
where Ay, = y, — y. We have introduced A(S?)wt and the transverse thermal amplitude
A:(y, 1) by

Ao = (8ot — (87)2(0)

Ai(y, ) = Asw(y, 1) + Ac(y, 1)

1
Ac(y,t) = / dx x’[lnu — 1/2u — Yy (u)].

Due to the presence of the spin-wave modes, the transverse amplitude has to be modified in the
long-wavelength limit. The above free energy expression is the straightforward generalization
of our previous proposal for the paramagnetic case to the ordered phase that can afford the
presence of the external magnetic field. The correction term is also extended as follows.

AF(0,1) = =5 NoTa (S}t (2y + y:) + AFi (0, 1).
Its variation is given by
SAF(0,t) = —NoTa (S?)wt%(%y +38Ay,) +8AF (0,1).

The first term of A F corresponds to the correction introduced by our previous study. The last
new term A Fj results from the appearance of the spontaneous moment. This term is necessary
when we make sure that the Maxwell relation is justified in general cases under the presence
of the finite induced magnetic moment. The parameter (Sf)wt has the same meaning as in the
paramagnetic phase, i.e. the squared total spin amplitude.

It is reasonable to assume that the free energy is an extremum against the variation of y
just like in the paramagnetic phase. We also impose the condition that the o -derivative of the
free energy agrees with the external magnetic field in consistence with the thermodynamic
equation of state between H and M. From the o-dependence of Ay,, the above two conditions
lead to the following two equations:

o? 3T,
Ao = -+ 0 24050 + Az 1) = €2y + 3] +11(0) (2.8)
A
2TO[A(;)A(;) Ay.] 1(’24-() 04y 1 9AR _ (2.9)
. 1) — 1) —c¢ — = — o = 0. .
T, Yz ty 7Rz 3|2 A 90 NoTx 00
Equation (2.9) can also be rewritten in the following form:
1 A F,
Ao, t) = —
NoTy 8Ayz/80' do

2Ty 1
= —[A(y;, 1) — A(y, 1) —c; Ay, ] —

0,2
. 3P—+qu. (2.10)

4
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For the spin-wave modes, let us assume that the following condition is satisfied with respect
to the o variation:

1
F Z n(wy)(y +x2)+y77/1((7)+776((7) =0. (2.11)

0 q<Ysw

It will be replaced by the following two conditions:

! 6T 9 1
EVA Z n(wq) = —OASW = —L‘) (2]2)
0 Tyo do
4<sw
1 2 Xe x4 8770(0’, t)
F0 qg}: xn(wg) = 3/0 dx T O 1 9o (2.13)

If the above conditions are all satisfied, the following well-known thermodynamic relation is
derived as the minimum condition of the free energy:
1 oF T h
— — = o=—.
No 00 M7 T2
Equation (2.8) represents the conservation of the total spin amplitude. It poses the implicit
relation between the two functions, y and y,, and the variable o. It is a first-order differential
equation, since y and y, are related to each other by

dy(o, 1)
do

from their definitions (2.5). As the solution we can obtain the inverse magnetic susceptibility y
as a function of . On the other hand, the free energy correction A F) is given as a function of
o with the use of (2.9) or (2.10). Two spin-wave related functions 1y and 7, are also obtained
by solving (2.12) and (2.13). As their initial conditions, we can choose them to vanish at
o = o0p(t). Then we obtain (o — oy)-linear solutions around o = oy. In our previous study on
the magnetic isotherm, we showed that the spin-wave effect is generally very small. Therefore
they are neglected in this study. The following discussions are based on the above form of the
free energy expression. All the parameters, y, y,, and o, are assumed to be determined by the
above stability conditions.

yo(o,1) =y(o,1)+o (2.14)

2.1. The o-dependence of the correction term

In order to find the explicit form of the free energy correction A F1, let us study its o -dependence
in some particular temperature ranges below.

e In the ground state at T = 0 K. In this case, the o-dependence of y(o, 0) and y, (o, 0) is
given by

y(0,0) = yio0? — a2), y:(0,0) = 2y1002 +2y10(0* — 02) (2.15)

where yo represents the ratio of the spin fluctuation parameters given by 60c, y1g = T4/ Tp
(Takahashi 2001). Because the thermal amplitudes A(y, ¢) and A(y;, t) vanish identically,
the o-dependence of AF; can be simply determined as follows. From the definition
of (2.10) the parameter A(o, t) is given by

2Ty 1,

)\.(O’, O) = —T—CZAyz — EO’ .
A
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The correction A F is then determined by solving the equation

— — | — )| =|=CcAy,;+ —0° | —
Ty 00 \ Ny Ty 12 do
= (5 + B)l07 = o) +71(4y100)
3 2 2y, 3 2 9AY:
= — —_— + JE— .
5)’100(0 o) 0% 3o
The solution is given by

AFi(0,0) = ZNoTa0l Ay, + £ NoTayio(c® — ). (2.16)

s
o [n the paramagnetic phase for T > T,. The following expansions for y and y, are justified
in the paramagnetic phase in the small o' limit.
(0, 1) = yo(t) + y1(1)o” +- -+, Y:(0,1) = yo(1) +3y1(1)o + -
where y;(¢) is defined by
€z)10
c: — A'(yo(1), 1)
The partial y-derivative of A(y, t) is hereafter denoted by A’(y, t). By expanding A(o, t)
in powers of o2, AFj (o, t) can be determined by solving
1 0AF(o,t)
NoTx do -

yi(®) =

o) dAy,
12

2T,
__[A())zv t) - A(Yv t) - CzAYZ] + =
Ty do
2B ) — cay. — L ayio)
= T, Yo, Cz1AY; 12 nl)o
=407y1(1) (55 + 15) = 2o’
The solution is given by

AFi(o,1) = ZNoTay1(t)o* +- -, Mo, t) = —F0 +- .

The lowest-order term vanishes at the critical temperature, ¢t = ., because y; (f.) = 0.

e In the ordered phase for T < T.. In the presence of the spontaneous magnetic moment
09(1), the o>-dependence of y and y. is given by

y(o, 1) = yit)[o? — o5 ()],

y:(0,1) = y(0, 1) + 2y1(t)o? = 2y1()og (t) + 3y (0, 1)
= y0(t) +3y(o, 1).

In the small y limit, the following expansion of the parameter A(o, ) is well justified:

2T0 0,2 m
Ao, t) = ' [A(y.. 1) — Ay, 1) — (3. — ¥)] — 53

= Xo(t) + (0> — 07)

2T0 , , 1
X {—[314 (y:0, 1) — A0, 1) — 2¢,y1 (1) — _} T
Ty

12
where 1o(t), the value in the absence of the magnetic field, is defined by
2Ty o} )
ro() = —=[AGz0, ) = Ai(0,1) = e:y:0(0] = == (2.17)
A
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In the paramagnetic phase, Ao(¢) vanishes identically because oo(t) = 0 and therefore
v.0(t) = 0 holds there. The correction term A F) (o, t) is determined by solving

1 O0AF,
N()TA do

= —dy(t)o(0? — o)

2Ty , 1
X { [BA' (yz0.1) — A0, 1) — 2¢.]y1 (1) — E}

Its solution is given by
AF((0,1) = —NoTako(t) Ay, + NoTayi (1)[0* — o3 (1)]*
{ 1 2T

T~ T—[3A (20, 1) — A0, 1) — 26z1y1(t)} : (2.18)

The above form of the free energy correction is quite general. It tends to the ground state
expression in the = 0 limit. For instance, the parameter Ao (?) is, in this limit, given by
4T, , 1 5, 3,
2 (0) = —c.y100, — —<0, = —0..
0( ) Ty Y1005 1278 20 8
It also agrees with the expression in the paramagnetic phase.
e At the critical temperature,T = T,. Owing to the critical y-dependence of the thermal
amplitude A(y, 1) >~ A(0,t) — wt,/y/4, the parameter A (o, ) can be given by

2 TotC o2

WV
If we take the 64-dependence of y and y, (Takahashi 2001) into account,

ZOCZy]O :|2
72+ 5

)"(67 tC) = -

y(o, 1) = yeot, y:(0, tc) = Sy.o®, Yo = [ (2.19)

we are led to the following o -dependence:

27 Tot,
k(a,tc):—[ il °°(«/§—1)f+ ]
5-1 1|, V5o,
+—|oc"=——0".
le+v3 12 42 ++/5)
From the above result, A F (o, t) is given by
1 0AF(o,t 0AY, 44/5
1(0, 1) — Aot Y _ V5 Yoo +
NoTy do do 2 +/5)
25
AFi(o,t) = NoTpyco

32+45)

To summarize, we have extended our paramagnetic form of the free energy correction
to the general cases where finite static magnetization is present in the system, because of the
presence of the spontaneous moment below 7. and/or due to the application of the external
magnetic field. We have found that an additional correction term,

AF(0,1) = =NoTaho(t) Ay (0, 1) + -, (2.20)

is necessary. In the following sections, we will show how the above correction will give rise
to new behaviours of the entropy and the specific heat in their temperature and magnetic field
dependence that were disregarded in previous studies.
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3. Magnetic entropy and specific heat

The temperature dependence of our free energy comes from two origins: the direct dependence
related to the Bose factor, and the implicit dependence through the parameters y(o, ) and
v.(o,t). We assume that the ¢- and o-dependence of y(o, t) and y, (o, t) are determined by
the following conditions: the stability of the free energy against the variation of y, and the
validity of the thermodynamic relation derived from the o -derivative. Under these constraints,
the magnetic entropy can be obtained as the temperature derivative of the free energy (2.1) as
follows.

1
Sm(0, 1)/ No = —6/ dx x2 [m@— wt (u—1/2)Inu — lnl"(u)]

1
+6/ dx x2u |:lnu — i — I/f(l/t)i|
e 2u

1
- 3/ dx x> [ln\/ﬂ—uz+(uz —1/2)Inu, —lnF(uZ)]
0

2u

z
Z

1 ) 1
+3/ dx x“u, |:lnuZ - — = I/I(MZ)j|
0

1
oA Z [ln(l —e Py — ,Ba)qn(a)q)]

0

4<qww
T on 9o

- — —+ — |+ ASn(o, 1)/ N 3.1
T (y ” 8t) (o,1)/No (3.1)

where I' (1) is the gamma function of the argument u.

The above expression is an extension of our previous formula in the paramagnetic phase
(Takahashi 1999). The last specific term ASy, of this treatment comes from the free energy
correction A F;. We can associate its o- and 7-dependence with those of A(o, t). If we note
the relation Ay, = d(Ay,/dt)dt in (2.7) for the explicit #-dependence, it is easy to see that
ASn (o, t) should be defined by

ToASn (0, 1) = —W — NoTar(o, 1) % (3.2)
On substitution of (2.20), we obtain

ASm(0, 1) = ASm(00, 1) + 8 ASm (0, 1)

ASn (09, 1) = No% LDy o0 G

SASn (0, 1) ~ No% [dkgt(t) Ay.(o.1) — 82(0. 1) 2 ;‘)t(t)} (3.4)

where 61 = A(o, t) —A(0yp, t). In the absence of the external field, the temperature dependence
of the entropy correction is evaluated by (3.3), since Ay, = y,o(¢) and §A = 0 hold for & = 0.
The field dependence is given by (3.4).

The temperature dependence of the specific heat is now derived as the 7-derivative of the
entropy in (3.1). It is shown below explicitly.
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G _ E/Idxx%t{—l —1/2u +uy’' ()}
Nyt t Jy,
3 ! 2 /
o do x?uz {—=1—1/2u; + u ¥ (u.)}
0
A (v, 1) d AA(y., 1) Y.
_3<2 (0.0 Byl (yg)i)
azz at |, ot at |, 3.5)
0Ty te 2eﬂ“’ff(y+x2)2 1 100
+3—== dyx?—— 2 (- —— —
tTo 0 (eﬂ“’q—l)z t o 0t I
Ty (3y 0 92 92 AC
_ A _yﬂ+y mo oMoy Abtm
To \ 0t 0t ot? ot? Not
ACyp  0AS,
t

We are now ready to discuss the temperature and the external field dependence of the entropy
and the specific heat.

4. Temperature dependence of the entropy and specific heat

For the numerical analysis of the temperature dependence, let us rewrite our expression of
A Sy, in (3.3) with the use of the explicit -dependence of the parameter A (f) defined in (2.17).
The ¢-derivative of Ao(¢) is given by

Ty dho() _ dyao dog

=2[A' (.0, 1) — C —5¢,y10 —
o dr [A"(y:0.1) — c] ; €zY10 g,
o[G0 3AK0.1)
Jat ot
0A;(0,1) dag(t)
=—6—""—15¢, . 4.1
ot €210 dr @1

The last line is derived with the use of the following partial 7-derivative of the amplitude sum
rule (2.8), i.e.,

9A,(0,1) 3A(y0,1) , dy.o dog
2 + +[A 1) — +5 — =0. 4.2
o 5 [A"(y:0,1) —c;] ” czy10 ar 4.2)

In the same way, (4.1) can take the different form
TA d)"o(t) 8A(yZ07 t) / dyzO
— =3 +3[A 1) — . 4.3
T 5 [A"(yz0, 1) — ;] a4 (4.3)

On substitution of either (4.1) or (4.3) into (3.3), the entropy correction AS;,, can be given in
two equivalent forms,

ASm 3o [ 2400 dog (1) 44)
—_— == —F +Jc .
No Y20 a7 zY10 ar
dA(yz0.1) , dy:o
=3Yz0 {37; +[A(yz0. 1) — ] d; - (4.5)

From the straightforward z-differentiation of (4.4), the specific heat correction ACy, is
given by
ACn _ _3[2 0410, 1) dyo 5 82A,0,1) d < d%z(,))}

+5¢v10 — [ ya0 —22
Not At dt Y0 T D04 00 Ty

(4.6)
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in terms of thermal transverse spin fluctuation amplitude A;(0, ). From (4.5) it is also
represented by

ACw _, [azA(yzo,r)
o | ZAC0.0

dy.o\> _9A (., 1) d
+A//(yz0,t)( ;’;0) +2 (320, 1) ysz|

Not 912 ot dt
IA(yz0.1) dyzo / dyo)® dyo
3———— = +3[A(y.0, 1) — C2 + y.0 ——— 4.7
a7 g A0 —all | - Y0 472 4.7

in terms of longitudinal amplitudes A(y.p,#). On substituting these results in (3.5), the
temperature dependence of the magnetic specific heat is finally given as the sum of two
contributions,

Cm CmO Cm 1
+

Cn _ Cwo Cot (4.8)
Not Nyt Not
C
—m0 _ 67 +31,
Not
1 1
= / dv x2ul—1 — 1/2u + ' ()] )
1
I=- f dx xPu[—1 = 1/2u; + uy' (u;)]
0
Cm _ 39400, 90 ACw
Not ot at  Not
9A;(0,1) 0A(ym,t) ) dy; 9240, t
__3[p 0400 04000 |y 9240.1)
ar dr dr or?
do? dy.o d?o¢
15 “og zZl + 0 . 4.10
Czy10< dr dr Y20 dr? ) ¢ )

We have neglected spin-wave contributions, the second-order 7'-derivative of As,, for instance,
by assuming them to be very small. The first term of (4.10) reduces to the similar isotropic
expression in the paramagnetic phase. The rest of the terms vanish because of the absence
of finite 0§ and y,o there. Equation (4.10) is therefore regarded as a natural extension of
our paramagnetic result to the ordered phase. The term Cy,; is also given by the following
equivalent form:

Cu P2AGV0. D), dy0\’ |, 9A'(y:0. D) dyzo
3 — " T+ A N +2—
Not yzo[ 912 (0, 1) dt at dt
, dy.o\’ d?y.o
+3[A'(yz0, 1) — c:] [( d; ) + Y20 —dtj : (4.11)

The presence of the second-order ¢-derivative terms in (4.10) and (4.11) is one of the distinct
results derived first in this study. In contrast, only the first-order derivative dM/dT appears in
previous studies based on the SCR theory (Makoshi and Moriya (1975) for instance).

In order to derive numerical results, we need to know the 7-dependence of oy(t), y.o(?),
and their #-derivatives. These quantities can be evaluated according to our previous study on
the magnetic isotherm of itinerant electron magnets (Takahashi 2001). See appendix A for
a brief explanation of how to evaluate them. We show in figure 1 numerical results of the
t-dependence of Cp, /Nyt for several values of the parameter ¢, in a wide temperature range.
We particularly notice two characteristic features shown in the figure: the rapid enhancement
in the low temperature limit and the appearance of the peak around the critical temperature.
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Figure 1. Temperature dependence of the specific heat Cp, /Not for 1, = 0.005, 0.01, and 0.05
from the top, respectively.

We show below the temperature dependence of them in more detail, paying particular
attention on the regions in the low temperature limit as well as around the critical point.

4.1. In the low temperature limit

The first term Cy,9/ Not in (4.8) dominates in the low temperature limit. Actually, in this limit,
the longitudinal part 7 in (4.9) shows the well-known logarithmic enhancement,

I = 15 In(1 + 1/y:0(0)).
as the longitudinal inverse magnetic susceptibility y,o(0) becomes very small. For the

transverse part, we have to take account of the cut-off effect for the lower bound of the
wavevector integration due to the presence of spin-wave modes. It is approximated by

1! x? 1 1+y 1 1
I~~~ dx———=—1In = _—In[— ),
6/, x(y+x?) 12 \y+x? 6\ xc

for y = 0 in the absence of the external field. The first term Cy,o/Not therefore gives the
enhancement,

1 1 1 3 1
Cumo/Not ~In— + —In — ~ ~In — (4.12)
X 4 yo 2 o
as we approach the magnetic instability point, oy — 0.
On the other hand, among terms of Cp1 /Nyt in (4.11), only the terms proportional to the

second-order t-derivative of A(y,o, t) and y,o(¢) remain finite in this limit as shown below:

3 PAGy0,1) 1
Yz0 =,
o e 1 (4.13)
/ 0
3[A(yz0. 1) — c21yz0 d—ﬂz ~ (G drs 2r%)
where r = y,o/x2 is a temperature-independent constant introduced by Takahashi (2001).

All the other terms vanish in this limit, for they are proportional to 2. For more explanation
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Figure 2. Temperature dependence of the specific heat Cy, /Nyt against a logarithmic scale of the
temperature for . = 0.005, 0.01, and 0.05 from the top, respectively, at low temperature. The thin
and broken curves represent components Cr,o/Not and Cry1/Not, respectively.

of the temperature dependence of y,o, see appendix A, for instance. Therefore the second
term Cp;/Npt gives the following additional enhancement to the 7-linear specific heat
coefficient:

Ale
Nyt

1
~ g(4 +2r +r%) =2.5038.. ., for r = 72/4. (4.14)

The reason of the choice of the above value of r will be given later. Although ACy,; does not
show any divergence in the limit of the magnetic instability, 7. — 0, it gives a sizable extra
enhancement to the 7 -linear specific coefficient for cases with moderate #. values. Its value
is independent of the value of 7.. We show numerical results of Cp,,/ Nyt and its components
Cmo/Not and Cp,1/ Not in figure 2 in the low temperature region against a logarithmic scale of
the temperature. The relative importance of the additional enhancement is evident for cases
with larger #.. It amounts to about 30% of the total enhancement for 7. = 0.01. From the
figure we also see that its presence is limited to the very low temperature region depending
on the value of 7., the lower temperature region for the smaller z.. Because of the presence
of this term, the shoulders of the temperature dependence in figure 2 become a bit distinct.
The dominance of the second-order 7-derivative terms can be recognized from a comparison
of figures 2 and 3, where only the sum of the first and the fifth terms of Cy,1/Not is plotted
against the temperature.

No such extra enhancement of the specific heat was mentioned previously. It results
from the second-order z-derivative terms in the correction term AC,,. It is related to the #2-
dependence of magnetic properties, such as the saturation moment (roz(t) ,in the low temperature
limit. For a quantitative analysis of experiments, we have to be careful of this additional effect
involved in the observed enhancement.
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Figure 3. Temperature dependence of C}, /Not, the sum of two second order z-derivative terms of
Cm1/Not, against the logarithmic scale of the temperature for 7. = 0.005, 0.01, and 0.05 from the
top, respectively, at low temperature.

4.2. Around the critical temperature below t, (t < t.)

In order to clarify the distinction of our treatments between cases in the ordered and the
paramagnetic phases around the critical region, let us next study the temperature dependence
of the second term Cy,;/Npt in (4.8), the novel term in this treatment. In this limit it can be
well approximated by the following sum of dominant terms,

Cmi dy70 2 dy70 2 d2y70
—— =3y,0A"(y.0, 1 - +3A"(y0,t - + 30—
Not )20 (yz0 )< dt) 0. { =, Y0 42

d2y10
dr?

dyo\’ . ., , ,
=3< y”) [y:0A" (320, 1) + A’ (320, )] +3y:04" (20, 1) (4.15)

dr

if we take into account the critical behaviours, A’(y.,t) o t/,/y; and yo(t) o< (t — 1)
According to Takahashi (2001), the temperature dependence of croz(t) and y,o(#) is given by

05 (1) = aca[1 — (1/1)*°]

(4.16)
Yao(t) = 2y1(1)a5 (1), () = ylog (1)
where y. and a. are defined by
2
| 2vV22+V5) C32643) 7 L
¢TI T 2e+3 e =501 5 =7 -

From these results it follows that the 7-derivatives in (4.15) are given by

deo (1) ) 80(% () ) 4—6160’,2
dr Y04 (1) a7 ¥:04 (1) 31,
d?y.0(1) 4y da.o? : dog (1) _ 4aco?
dr? c\ 3z ’ dt 3t
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In addition, if we note the following critical behaviour of A’(y,o, t),
Tl - Tl
8/V0  8y2y0g ()

we can get the critical #-dependence,

dy.o 2 Tl e | dyzo
A (320, 1) + A (y0, t ol = ~ 5 | ar
[y:0A" (320, 1) (320, 1)] < dt ) [16\/% 8 Yz0i| dr

T (o (4 g2
=——0)"" | =) o4).
ﬁ yC 3tc 0

On substitution of the results into (4.15), the critical #-dependence of Cp,;/Npt is given as
follows:

A'(y0,1) = —

Chi , 4aq, 0‘2 2
Nor = =37ty 2y ( 3thg ) o (1)
4a.02 2
- 123 —sac)y;( 3°t S) A0, 1)[1 — (1/1)*3]
(4
2 3
4 3204/2 C Tt
= 2 (5ac/3 1) 320V2ac | (Cap ) (1
3 T 3 te
t
—55.656... % (——1) (4.17)
(4
where we have used the relation
C Tt /2! 3 20
A0, 1) = B340, TevYe _5_ 2 _ 7
3 4c.y10 de 7

It follows from (4.17) that the specific heat exhibits ¢-linear dependence with positive
slope just below the critical temperature. The magnitude of the slope is independent of ¢, if
we plot Cp,/ Not against the reduced temperature, ¢/t. = T/ T.. Because the slope is negative
just above t, it causes a cusp anomaly in its temperature dependence. No such peak anomaly
was mentioned in previous theoretical studies. It originates from the second-order ¢-derivative
terms. For reference, we show numerical results of the 7-dependence of Cy,1/Nopt in figure 4
for several values of 7. in the narrow temperature region below 7.. The sharp critical peak
anomaly of the specific heat was observed by Fawcett et al (1970) on MnSi that has a moderate
value of 7. = 0.2-0.3.

The results of this section on the temperature dependence are summarized as follows. The
following new features are all related to the presence of the correction term ACy,. In particular,
the second-order 7-derivative terms are responsible for them.

e In the low temperature limit, an additional enhancement to the 7'-linear coefficient of
the specific heat is present. The origin is related to the ¢> temperature dependence of
various magnetic properties, such as o7 (t) and y,(t). The dependence is specific to
itinerant electron magnets near the magnetic instability point, and is limited to the very
low temperature region.

e Around the critical temperature, the specific heat exhibits a critical peak anomaly because
the slope of its t-dependence changes its sign. However, for those magnets with very
small values of f., the behaviour is not so distinct and it will be hard to be observed
experimentally, for the above z-linear dependence is limited to the very narrow region
around 7, as shown in figure 4.
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Figure 4. Temperature dependence of Cp,1/Not around the critical region for 7. = 0.005, 0.01,
and 0.05.

5. Magnetic field dependence of specific heat

The magnetic field dependence of the entropy and the specific heat is the subject of this
section. The following discussion is based on the results (3.1) and (4.8)—(4.11). In order to
find their temperature dependence in the presence of an external magnetic field H, we have
first to determine the field-induced magnetic moment o (4, ). Then the inverse magnetic
susceptibilities, y(o, ) and y, (o, t), have to be determined corresponding to the o -value. For
the numerical estimate of o, we can use the sum rule of the spin amplitude (2.8) derived as the
stability condition of the free energy. On neglecting the tiny spin-wave term, it can be written
as follows:

[24,(v, 1) + A(y:. 1) — c:(2y + y)] + 5czy100% = 3A(0, ). (5.1

The reduced parameters y, and y defined in (2.5) are proportional to 0 H/dM and H/M. By
solving (5.1), we can find y;, i.e. the first-order derivative do/dh, as a functionof y = h/Tso
and o, i.e. as a function of o and /. This means that (5.1) is regarded as an implicit form of
the first-order differential equation for o as a function of 4. We have already shown how to
determine its initial condition, i.e. the spontaneous moment oy (¢) below . in the absence of
the field (Takahashi 2001). In the paramagnetic phase, the condition is given by o () = 0 for
h = 0. Inthe expression (3.5) we also need to know the 7-derivatives of y and y, in the presence
of the magnetic field H for numerical estimates of the specific heat. They are evaluated with
the use of the following equation that is derived by the partial ¢-derivative of (5.1):

[ /(V t)_ ]_8 [ ,( t)— ]_8Z 1 _3
2[A s c +[A s c + 10c o
t z 9t i Yz z 9t i zY10 ot
aA A d
l())vt) a (yut) O
at Jat

h

+2

(5.2)
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Let us note that the 7-derivatives of y and y, under the constant A condition are related to
the derivative do/dt as follows:

ay| h do| 'y do

at|,  Tac? 0t|, o 01|,

ay, 1 1 a0 (0o , 0 (0o

| = — (| =Tl (). (5.3)
at |, Ty (00/0h)* 9t \ Oh oh \ ot

On substitution of the results into (5.2) we obtain the following differential equation:
A Ge 1) = eI Tay? o (a—") = (214000 — 1 + 10eyi00 )
dah \ ot o ot
A (y, 1) . A (yz, 1)
ot ot
By solving (5.4) simultaneously with (5.1) under a suitable initial condition, we can numerically

determine do/dt|; as a function of the external field /. The initial condition at # = 0 is given
by

h

+2 (5.4)

80(/’1, t) _ %O (t) fort > te
a4, 0

ot
dr
The partial #-derivatives of y and y, are then estimated from the relation (5.3).

In what follows, let us discuss the field dependence of the magnetic entropy and the specific
heat in more detail.

fort < t..

5.1. Exchange-enhanced paramagnets

The first example is the exchange-enhanced paramagnet just on the verge of the appearance of
ferromagnetism. In this case, the spin amplitude sum rule can be written by

2A(y, 1) + A(yz. 1) — €22y + y2) + 5¢:y100” = —3c2y00
Yoo = — 2 Y10A(SPot (5.5)

where ygo = y0(0). The temperature dependence of the inverse of the magnetic susceptibility,
yo() = y(0, 1), is given by solving

czyo(1) — A(yo(2), 1) = ¢z yoo- (5.6)

In the weak field limit, the field-induced change of its transverse and longitudinal components
are well represented by

8y(o,1) = y(o,1) — yo(t) = yi()o* +- -

5.7
83:(0.1) = y:(0. 1) — yolt) = 3y1 (D)0 +---. ©-)

The above o 2-linear dependence corresponds to the linearity of the Arrott plot (M? versus H /M
plot) of the magnetic isotherm. The coefficient y;(#) stands for the fourth-order expansion
coefficient of the free energy in powers of o. On substitution of (5.7) into (5.5), it is explicitly
given by

CzY10
)= ————— 5.8
M= A Gy ©8)

from the comparison of the o 2-linear coefficients of (5.5).
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We can easily confirm the thermodynamic Maxwell relation as follows. At first the partial
t-derivative of y(o, t) for small o is given by

dy(o, 1) dyo(t) 1 dA(yo, 1) y1(t) dA(yo, 1)
ar At c.—A(yo.t) At ey Ot

(5.9)

On the other hand, from (3.1) the field-induced change of the magnetic entropy is given by

Sm(o, 1) = Sm(0, 1) +8Sm (o, 1) (5.10)

8Sm(o, t !

8m(@, 1) _ 3/ dx x2u[1/u + 1/2u® — o' )] 28y +8y.)

Ny 0 t
dA(yo, t
=3 %[2@(0, 1) +8y,(0, D)]. (5.11)

The higher-order correction terms are neglected. The o -derivative of the entropy is, therefore,
given by

d [ Sm dA(yo, 1)

— | — ) =30 ———yi(t)o. 5.12

Py <N0> o1 yit)o (5.12)

Comparison of the above two expressions, (5.9) and (5.12), now verifies the Maxwell relation,

Tyo 0y(o,t)  Tuo yi(t) 0A(yo, 1) 0A(yo, 1)
il = A9 D B0 T 30y, (1) 220
2Ty ot 2Ty c;y10 at ot
0 [ Sn
=— | — 5.13
do (No) 619

where we used the relation y;g = T4/60c, Ty, introduced in (2.15).

The above explanation is the finite temperature extension of the field dependence of the
specific heat in paramagnon theories. It should be noted that its validity is not confined to the
very low temperature region. As an example, the low temperature limit of the field dependence
can be obtained as follows. In this limit, y(o, t) and Sy, (o, ) are given by

...
24¢;y00

Yo(t) = Yoo +

1 1 1 1
Sm(o,t) = =Not|In| 1+ +-In(1+ +--- 5.14
m(0.) =5 0[‘1( y(o,m) 2“( yz(o,O))} G
3 1 5
:Not[—ln(—)——w02j|+--'~
4\ yoo 4 yoo

From these results we obtain the following external field suppression of the 7'-linear specific
heat coefficient y,, (0):

. Cy(o,1) 1 Sm(o, 1)
VY (o) =lim ——— = — lim ——
1—0 T Ty t—0 t

=N0[ln<1+ ! )+lln(l+ ! )}
y(0,0)/) 2 y:(o,0)

3N, 1 s
=—°[1n——ﬂa2}+---. (5.15)
4Ty Yoo  3Yoo
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The relative suppression of the specific heat in the = 0 limit is also expressed in the form
ACp(0,0) Ci(0,0) — Cpy(o, 0)
T Cm0,0) Cm(0, 0)
_ 2In(1 +y10%/y0) +In(1 +3y15°/yo)
B 31n(1/y0)

_ Oy 5yi0 <£)2
3yoln(1/yo)  ~ 3y3In(1/yo) \ T4
5 No)3 F,
=2 Oo/No) Fuo (o = h/Tayo) (5.16)
3 In(2T 4 x0/No)

where xo and F; are the magnetic susceptibility and the fourth expansion coefficient of the
free energy expansion in the magnetization M in the ground state, respectively. The above
result of the 42-linear suppression of ACy, corresponds to the formula

ACu(@.0) _ S (H

2
=01 () . S =) /T o St
Cm(0,0) InS§ qu) ( ( @) [Tt o Xpauh)

derived by Béal-Monod et al (1968) for the electron gas model.

5.2. Field dependence in the paramagnetic phase (T > T,)

Let us next discuss the temperature and magnetic field dependence in the paramagnetic phase.
The preliminary results were reported by Takahashi et al (2004). The o-dependence of the
inverse magnetic susceptibility y (o, t) and the entropy Sy, (o, 1) assumes the same forms as (5.9)
and (5.11) in the preceding subsection. Therefore the Maxwell relation can be confirmed as
well. The reduced inverse magnetic susceptibility yo(z) is, on the other hand, determined by
solving

A()’OJ) _czy():A(Os tC) (517)

The field-induced suppression of the entropy has the same expression as (5.11). The
temperature dependence of the field-induced specific heat is simply obtained by the ¢-derivative
of (5.11) under the constant 4 condition as follows:

06,
8Cm =1 — = 8Cmo + 8Chn1 (5.18)
6C d 0A(yp,t
'm0 -39 (o, 1) 28y +8y.)

Not dt ot Y

8Cm1 3 dA(yo, 1) 5 dy .| 3 dyo(t) (5.19)
Not dt a|, ar|, dt
dy(o, 1) = y(o, 1) — yo(1), 8y (o, 1) = y (o, 1) — yo(1).

The above expression can be shown in a slightly different form. Note that the z-dependence
of the thermal amplitude A (yy, t) is given by

dA(yo, 1) / dyo(t)
2 — (A (o 1) — €] ——.
Y [A"(yo, 1) — c.] P
On differentiation of the above result again, we obtain
d dA(yo, 1) " dyo(r)  9A (yo, 1) | dyo(r) , d*yo()
— ——=—|A"(yo, t + —[A (v, 1) — c;] ———.
dt ot [ (o 1) =g, dt dr [A00.1) = el =g
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On the other hand, the z-derivative of y;(¢) defined in (5.8) gives

32A(yo. 1) 32A(yo, 1)
2 yO(t) +
9yg dyp 0t

} y1®) +[A'(vo, 1) — ey (1) = 0.

From these results the second-order derivative of the thermal amplitude can be expressed in
the form

d dAM0, 1) cyio Eyo()  eyio dyi(®) dyo()

dt ot yi(t) dr? yi(e) dr dr
In conclusion, the field dependence of the specific heat can be given in the following equivalent
form

8Cm(0. 1) _ ey [dyé(t) 1 dyi®) dyo()

} (28y +dy)

Not yi) L de2 oyi(r) de dt
3c.yi0 dyo(t 9 dy. dyo(r
_ Beayio dyo@ (5 dy | dve| L dyo®) (5.20)
yit) de or{,  or |, d

in terms of the z-derivatives of yo(t) and y; (¢).

Based on the above expressions, the field dependence of the specific heat is discussed
below in more detail, focusing on the region at higher temperature and the critical region
above 1.

5.2.1. Field dependence at high temperature. Exceptin the critical region, the o>-dependence
of y and y, is given by (5.7). At higher temperature where this dependence is well justified,
the 7-dependence of the field-induced specific heat change is therefore given by

8Cn FPyo) 2 <@>2i| _ 15c.yi0 02y, ' (0)

— - h. 5.21
Nyt or? yo \ 0t T? or? (5-21)

= —15¢.yjp0> |:

This gives the positive enhancement, and the magnitude of §C,, rapidly decreases according
to the 1 /(¢ — t.)>-dependence with increasing the temperature, if y,() obeys the Curie—Weiss
law behaviour, yo(f) o (t — t.). The field-induced entropy change §Sp, (o, t) is always
negative. Because its temperature dependence has a positive slope, it gives rise to the positive
enhancement of §Cy, at high temperature. From the above expression, it seems that the /-
coefficient would diverge at ¢ = .. This comes from our o 2-linear approximation for y and
v.. Around the critical region, the effect of the critical magnetic isotherm has to be included
for the proper treatment as shown below.

5.2.2. Field dependence around the critical temperature. In the critical limit, 1 — 1., we
have already mentioned that y(c, t) and y.(o, t) obey the critical o*-linear behaviour given
in (2.19). According to (5.11), the field-induced change of the entropy is, therefore, given by

88m 4 28 4
— = ——A(0, 1)[28y (0, 1c) + 3y; (0, )] =~ ——A(0, ) yco ™. (5.22)
Not te Ic

With the use of (5.18) and (5.19), the critical limit of the specific heat is evaluated as
follows. At first the 7-derivative coefficients of the thermal amplitude A (0, ¢) in (5.19) are
estimated as follows:

40D 20, TACD 40
ar 3¢ 7 ar o
PAGoD Do o w4
dtdyo 8t~ 8y a4 . 327




4526 Y Takahashi and H Nakano

d 8A(o. 1) 9°AQo. 1)  *A(w.1) dyo 8 A0, 1)
e ar o2 atdyy or 92

where we have used the relation v/ yo(¢) >~ 4[A(0, 1) — A(0, t.)]/x¢, justified around ¢ =~ ..
Because the first term Cpo/? in (5.18) is proportional to o%, it is negligible in the weak field
limit. In the presence of the applied field, the z-derivatives of y and y, in (5.19) are evaluated
from the following z-derivative of the sum rule (5.2):

Tt 9
) y

8Jy at|, 8y, ot
where we have used the critical y-dependence of the thermal spin fluctuation amplitude,
0A(y,1)/0y ~ —mt/8,/y. The above equation (5.23) implies the o -dependence, dy /9t o,
in the 0 — 0 limit, if we take into account the critical magnetization process, y ~ y.o* and
Yz = 5y.0t.
We can now derive the relation between the z-derivatives of y, and y, the first two terms
of (5.23), by using the following relations:

do 0A(0,1)
+10c,yj00 — +3
i a1 a1

wt  dy,

~0 (5.23)

0y:| _ 9y  0yc 90 9y| _0y:0 0y
at |, at |, do 0t at |, do y 0t}|,
d d
=2z 02 (5.24)
at |, at |,
d d ay 9 d dy d ad d
| o) 9y do 3yl o0y dyp 0y 0y g
at|, |, do at  at|, ydo |, |, at |,

where we have taken into account (5.3) and the critical o* behaviours of y and y,. Because of
the o 2-linear dependence of dy/dt|,, dy./dt|, in (5.24) is given by

d d a 0 d
Dl 9V Lo LY 3 (5.26)
or |, ot do 0t |, ot |,

The constant-h derivative, dy,/dt|;, in (5.23) is therefore given as follows:
ay, d a ad
Yol 232 02| 2 52| (5.27)
ot |, ot |, at |, ot |,

On the other hand, from the relation between the 7-derivatives of ¢ and y in (5.3), we can find
that the third term is also proportional to the first term as shown below:

d 2 5 p
10c;y100 il = —IOCZyIOO— oy — _loczylo’\/ y/Ye 9y
o1 y o, y o,
Tl dy
BT W AR 5.28
Zﬁ( V3 ar |, (5.28)

where y. is defined in (2.19). On substitution of (5.27) and (5.28) into (5.23), the following
result is derived:
vl 24 /yc dA(0, tc)az
il  (10+3/Symee e
We are thus finally led to the following critical limit of the magnetic specific heat in the
paramagnetic phase:

(SCmO d 8A(07 tc)
=-3——ZQ2y+y,
Not dr 0z, 2y +7:

(5.29)

56 .
) = ﬁA(O, Dy.o
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Figure 5. Temperature dependence of the entropy change 8 Sy, / No above ;. under applied magnetic
fields 7 = 0.2 x 107, 1.0 x 10>, and 5.0 x 10~ from the top.

OCmi _ _, 9401 (, dy| 0y
Not a1, ar |, ar |,
216./7. <8A(O, zc)>2 )
= o
(10 + 3+/5)7te ot

§Cm  8A3(0,1) [ 20 T 7 <(7 )4 , 12ex NG (0 >2
Not 2 Llr@+v51 [3\o/)  510+3v5) \os/) |

We show in figures 5 and 6 numerical results of the temperature dependence of the entropy
and the specific heat, respectively, in the presence of an applied magnetic field. The field-
induced entropy is always negative. It monotonically increases with temperature. As the
slope of its 7-dependence, the specific heat always becomes positive above 7, including its
critical limit. The thin full and dashed curves in figure 6 represent §Cy,o/ Not and §Cr, 1/ Not,
respectively. The component 6Cr,9/Not is dominant only near the critical temperature 7.
On the other hand, §Cy,/Not shows a broad maximum slightly above 7. It then rapidly
decreases proportional to  ~2 with increasing the temperature. Because §Cpo/ Not is negligible
under a weak applied magnetic field, the total change, §Cy,/Not, shows a similar temperature
dependence with §Cp,; /Not. However, in the presence of a higher magnetic field it becomes
monotonically decreasing owing to the rapid growth of §Cy,1/Not around 7. In figure 7, the
temperature dependence of the specific heat change is shown for various values of 7. under the
same applied magnetic field 7 = 1.0 x 1075,

The external field effect on the magnetic specific heat of Sc;In was measured by Takeuchi
and Masuda (1979). Their observed §Cp,/ T shows a broad peak above the critical temperature.
The peak value is around 2 mJ K=2 g-atom for H = 10 T, if we assume that all the atoms
have the same magnetic moment. This corresponds to To(6Cr,/NoT )max = 0.16 estimated by
assuming that only Sc atoms have moments and 7, = 500 K. On the other hand, our numerical
result gives a peak value of about 0.1 for the same values of Ty and 7}, in fairly good quantitative
agreement with experiments. The applied field of 1 T corresponds to 7 = 1.3 x 10~* for
T, = 10* K. Their numerical study based on the SCR theory showed the monotonous increase
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Figure 6. Temperature dependence of the specific heat change §Cp,/Not above Tt under applied
magnetic fields. (A): h = 02 x 1075, B): h = 1.0 x 1075, (C): h = 5.0 x 1075, and
(D): h = 1.0 x 107*. The thin full and dashed curves represent §Cpmo/Not and §Cy1/Not,
respectively.
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Figure 7. Temperature dependence of the specific heat change §Cp,,/ Nyt above T for 7. = 0.05
(A), 0.01 (B), and 0.005 (C) under the applied magnetic field 7 = 1.0 x 1075,

of 6Cy,/ T in their calculated range of the temperature. They also predicted the negative value
of the critical limit above . that seems to arise from the neglect of the critical behaviour of the
magnetic isotherm.

5.3. Field dependence in the ordered phase

In the ordered phase the field dependence of the entropy and the specific heat can be treated
in the same manner as in the paramagnetic phase except that an explicit account of A (o, 1) is
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necessary. From (3.1) and (3.3), the field-induced change of the entropy is given by

8Sm (o, 1) _ 3 |:2 dA;(0,1) - dA (Y0, t)(S (@, f)j| . SASn(o, 1)

Ny at at Ny (5.30)
SASy (o, da dy; .
# = 60c:y10 [ o(t) (6y; —y) — y O(I) S (o, t)} .

The above expression can be written in a simpllﬁed form as shown below. Note the following
field-induced change of the amplitude sum rule (5.1):

2[A7(0,1) = c:1y(o, 1) +[A'(yz0, 1) — ¢:18y:(0, 1) + 5¢.y10(0” — o) = 0.
Using the result, the o-variation of A(o, ¢) defined in (2.10) is given by
60¢;y1081(0, 1) = 2{[A"(y:0, 1) — c:18y: — [A}(0, 1) — e.]y (o, )} = Se.yi0(0” = 03)
= 3[A (y50, 1) — c;18Y.. (5.31)

On substitution of (4.1) and (5.31) in (5.30), the field-induced variation of the entropy correction
is given as follows:

SASw(@,1) _ 3A(0,1) 3y-0 dog
— = 38y, {2 —— L +[A (y.0, . +5¢;y10 ——
N { o [A(yz0 = V10—,
pay[22A40D 5 900 (532)
S — C —_— . .
Yy 91 zY10 dr

If we substitute the above expression in (5.30), § S, is finally given by the following simple
expression:

8Sm(o, t

Sm(o, 1) _ = 15A(0, 1.)y(o, 1) ¥ u(t) = of(t)/al. (5.33)

0
In the above derivation the §y.-linear term vanishes identically because of the sum rule (4.2).
The entropy change is proportional to the inverse of the transverse magnetic susceptibility y
and its coefficient is determined by the slope of the 7-dependence of the spontaneous magnetic
moment 6§ ().
In spite of its simplicity, it is quite easy to confirm that (5.33) satisfies the thermodynamic

Maxwell relation. Note first that the partial 7-derivative of the magnetic isotherm,

y(o,1) = yi()[o” = o5 ()], (5.34)
gives
dy(o.1) 2() du(r)
yat Y(Olo® = o5 0] = yi(0) —yi()o? o (5.35)
On the other hand, from (5.33) the partial o -derivative 0f the entropy is given by
1 98w du(1) du(®)
— —— =30A(0, ¢ tyo —— =30 t
No 9o 0, 1) y1 ()0 ar c:y100. 1 (1o ar

Comparison of the above two expressions verifies the Maxwell relation (5.13).

It is now apparent that the presence of the free energy correction and the use of its stability
condition has a key significance in our derivation of the thermodynamically consistent and
reasonable result on the field dependence of the entropy. This also justifies our discussion
on the temperature dependence of the specific heat in section 4, since the second-order ¢-
derivative terms there result from the same entropy correction ASy, (o, t). The presence of the
term proportional to the first-order ¢-derivative of O’Oz(t) in (5.32) also provides the second-order
t-derivative term in the field-induced change of the specific heat as shown below.
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Figure 8. Temperature dependence of the entropy change 85, /Ny for 7. = 0.01 under a weak
applied magnetic field, & = 0.05 x 1075, 0.1 x 107>, and 0.2 x 1073, from the top.

The field-induced specific heat change is simply derived from the z-derivative of the
entropy change (5.33) under a fixed external magnetic field. It is given as the sum of two
contributions

5Cun (0, 1) = 8Ci1 (0, 1) +8Cum (0, 1) (5.36)

§Cumi (0, 1) d?u(r)

Eml% D 1540, 1)y (0, 1 5.37
o 0.1y, 5 (5.37)

5 ¢ du(t) 9y(o, t

3Cm2(0. D) _ 1540, 1) I (0. 1) (5.38)
Not dr at |,

that come from the first-order and the second-order ¢-derivatives of the spontaneous moment
0’02 (1), respectively. In the low-field limit where (5.34) and (5.35) are justified, (5.37) and (5.38)
are also written by

8Cni(o, 1) d*u(r) 2
TNt 15A(0, t)y1(2) a2 [0° =0y (D]
8Cm2(0, 1) du(r) y dy(o,1)
— = =15A(0, ¢ - .
Not ©. %) ey, ot |, (5.39)
15 du(r)\?
= ——A©0, )y (o] | —— ) [0%/o5 (1) —11.
2 dt
If we notice the low-field limit of the magnetic isotherm,

_ (02_02)_ h ~ h
Yy =10 S _TAO_TAO'S

it follows that the field-induced change 6Cy, is generally suppressed and is proportional to the
applied field i below f.. The h-linear suppression of §C,, was actually observed on ScsIn by
Ikeda and Gschneidner (1983).

For the numerical analysis, we need the first-order and the second-order #-derivatives of
u(t), the inverse transverse magnetic susceptibility y(o, ) under the presence of the external
field, and its 7-derivative. We show in figures 8 and 9 the temperature dependence of the
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Figure 9. Field-induced change of 8§Cy,/Not for . = 0.01 under applied magnetic fields
h=02x107,1.0 x 1073, and 5.0 x 107, from the top.
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Figure 10. The 7-dependence of §Cy,/Not for . = 0.005, 0.01, and 0.05 under the applied
magnetic field 7 = 1.0 x 1073, from the bottom.

entropy and the specific heat, respectively, for various applied fields. The field-induced entropy
decreases monotonically with increasing the temperature. Therefore the induced change of
the specific heat §Cy, /1 is always negative below ., including the critical limit. It shows the
discontinuous change at t = .. In figure 10, the temperature dependence of the specific heat
under an applied magnetic field is shown for cases with different .. In figure 11 §Cp,/Not
is plotted against the magnitude of the external magnetic field 4 at temperature ¢/7. = 0.1,
0.5, and 0.9. It shows the good linearity at low temperature. At higher temperature, though
the deviation from the linearity becomes significant in the weak field region, it shows the
monotonic decrease with increasing &, in contrast with experiments on ScsIn for 7/7. ~ 0.4
(Ikeda and Gschneidner 1983), where clear saturation is observed.
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Figure 11. The specific heat suppression as a function of the applied field 4 for /T, = 0.1, 0.5,
and 0.9 (full, broken, and chain curves, respectively) for 7. = 0.01.

In what follows we show the temperature and field dependence of the entropy and the
specific heat, paying particular attention to the ranges at low temperature and around #..

5.3.1. In the low temperature limit. According to Takahashi (2001) the ¢-dependence of
y(o, t) and u(¢) at low temperature is given by

y(o.1) = yi(t)[o? — o3 ()] = yio(o? — o)

(0, 1) = 0 +631y;§t)[02 — 05 (0] = 2y1007 +3y10(0” — o)) (5.40)
T 2
t:1_7+...7 :107 +5 +4
u(r) (6061}}10)2054 ar c.(r r )

where the constant ratio r = y,o/x2 has already been introduced in (4.13). From (5.33) the
field dependence of the entropy is given by

5S.. (o, 2 2
ﬂ:—lSA(O,;C)C' —1> art

No 0_52 (60c.y10)%02

art o?
=— ——=1). (5.41)
120c; \ o2
Therefore the entropy is suppressed proportional to (o — crsz) by the applied magnetic field.
Its slope is proportional to the temperature.

Because the second term Cy,y in (5.36) is neglected in the low temperature limit, the
field-induced suppression of the T'-linear coefficient y,, of the specific heat is given by

Sm@) _ 8Cn _ 154010 o d2u(r)
= = o~ — O,
No  NoT , v arTE
15A2%(0, ¢, 2 F d%ol(t
_DAOw) (o) Foge g0 T (5.42)
c. Ty o? 32 50 dr1?

where Fjy = 2T2/15¢, T, represents the fourth expansion coefficient of the free energy in
powers of o (Takahashi 2001). It is suppressed because of the negative sign of d?u(t)/dt?
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Figure 12. Field-induced change §Cy,/Npt in the low temperature region for 7. = 0.01 under the
applied magnetic fields 7 = 0.2 x 107, 1.0 x 10~%, and 5.0 x 1075.

in (5.40). As we have already shown above, the T-linear coefficient y,, is suppressed
proportional to 4. Its negative initial slope is simply determined by the second-order 7'-
derivative of the squared spontaneous moment croz(t),

1 3y Fio d0d() 1 d?0d@)

No dh  32Taywos 9T* 4o, d2T2
=7 (5.43)
N 27303 :

This is the result derived as the natural consequence of the Maxwell relation. In figure 12, the
field-induced change of the specific heat is plotted against the reduced temperature 7'/ T, in the
low temperature region. It is remarkable that its magnitude does not decrease monotonically
with lowering the temperature. The reason comes from the steep decrease of the entropy there

caused by the second-order 7-derivative terms.

5.3.2. Field dependence around the critical temperature. Inorder to discuss the field-induced
change of the entropy and the specific heat in the critical limit, we need the ¢-derivatives of
the spontaneous magnetic moment u(¢). They are given as follows (see appendix A for the

second derivative coefficient u,):

ut) = ac[l — (t/t)*"1, du(t) — :_4&
v e 5.44)
d2u(r) .
dr? =, (ur > 0).

If we note the critical magnetization process, y(o, f.) = y.o*, the following entropy change
is derived from (5.33).

5S 4 28A(0, ¢,
—= =15 (—%) A0, 1)y(o, 1) = —%m“ (5.45)
C C

No
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where a. = 7/5is used (see (4.10)). We can confirm that the entropy change § Sy, is continuous
att = t., from the comparison of the above (5.45) with the paramagnetic result (5.22). This
undertakes the validity of our choice of r and £ in sections 4.1 and 4.2.
By substituting (5.44) into (5.36)—(5.38), the critical field dependence of the specific heat
is given by
8Ci(h,t)

ot = —15A(0, t.) [uzy(cn fe) +ur —

ay]
NE

at

t=t,
From the continuity, y and dy/dt|, are positive under the applied external field. The
field-induced specific heat change is, therefore, negative in the critical limit below 7.. The
discontinuous change takes place for §Cy,,/Not att = ..

6. Discussion

In the present paper, we have succeeded in giving a comprehensive description of the magnetic
entropy and the specific heat of itinerant electron magnets. Thermodynamically consistent
formulae are derived with the use of the stability conditions of the free energy. As the result,
the entropy satisfies the Maxwell relation of thermodynamics. We have found that these
thermal properties are closely related to the global behaviour of the magnetic isotherm in the
plane of the temperature and the external magnetic field axes. In this context, the present study
owes very much to our previous study (Takahashi 2001).
Various new features predicted in this study are summarized as follows.

(i) In the absence of an applied magnetic field, the specific heat shows a slight but sharp

critical peak at t = f,.

(i) A new additional enhancement of the linear specific heat coefficient is present in the low
temperature limit.

(iii) The field-induced change of the entropy is always positive above t., while it is negative
below ..

(iv) For a proper description of the entropy and the specific heat in the critical region, the
critical behaviour of the magnetic isotherm has to be taken into account.

(v) At low temperature the field-induced change §Cy,/t decreases with lowering the
temperature.

(vi) The field-induced suppression of the T-linear coefficient §y,, of the specific heat is
determined by the slope of the T?-dependence of the spontaneous magnetization at low
temperature.

In so far as we are mainly concerned with paramagnetic properties, the thermodynamic
consistency is not so severe. However, it becomes very crucial near the critical region. The
inadequate inclusion of the term proportional to dy(¢)/d¢? in the SCR theory gives rise to the
spurious behaviour of the specific heat at the critical point, for instance. If there were terms
proportional to (dy/d¢)* and 8%y/dt* in the specific heat, it would also be very difficult to
verify the Maxwell relation.

It seems that our final results do not contain any explicit effect of the quantum zero-point
spin fluctuations. Note however that we could derive the specific heat formula in consistence
with the conserved total spin amplitude. As the stability condition, quantum zero-point spin
fluctuations do play significant roles. Their neglect from the beginning is of course not justified
logically. Ishigaki and Moriya (1998) have also treated the effect of zero-point spin fluctuations
by simply including the effect in the conventional framework of the SCR theory. No treatment
of the specific heat including its external field effect has yet been presented. The explicit form



Field dependence of the heat capacity of itinerant electron ferromagnets 4535

of the free energy proposed in this study will be helpful in our future studies on magnetic
properties of itinerant electron magnets.
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Appendix A. Temperature dependence of O'g(t) and y.o(t)

According to Takahashi (2001) the temperature dependence of u(t) = (702 )/ (752 and v(t) =
v.0(t)/y-0(0) is given by solving the following simultaneous equations:

u=v [1 - iA/(y.o ) — iA/(O t)i|
5c. = 5¢. ¢
_ 2v+3 1
TS T 5A0. 1)
where y,o(t) = 2A(0, t.)v(t)/c; and u(0) = v(0) = 1. In the low temperature limit, thermal
amplitudes show the following 72-dependence:

(A1)

[A(yZOa t) + 2Al(07 t)]

2 2
Ay, 1) ~ ————, Ay, )~ —— 0) = 2y,00>
vz, 1) 24y90) (yz, 1) 2452,0) (¥20(0) Y100y
A0, 1) ~ ’ A0, 1) ~ riet
T 24y,(0) T 24y (0)

If we define Su = u — 1 and §v = v — 1, then the #>-linear terms of (A.1) can be expressed in
the form

>3 +2r%) 28v t2(1+2r)
Su=06v+——75—°, u=—— ——

120y2,(0) 5 120A(0, 2.) y,0(0)

As the solutions, the second-order derivatives of # and v at = 0 are given by
d%u . c.(4+5r+71?) d?v . c.(5+4r +2r?)
dr2  180A2(0,1.) dr2 ~ 144A20, 1)
Around ¢ = 1., solutions of (A.1) are obtained by assuming the following expansions:
u

u(t) = —ui(t 1) = (1 =)+ (A2)
v(t) = %(t—tc)%%(t—tc)ﬂm (A.3)

with positive coefficients, u; and v;y; (i = 1,2). The coefficient u; has already been given
in (5.44). From the critical behaviour of the thermal amplitude, the first line of (A.1) is well
approximated by

N .,.L[ 3t . 2§7l’t:|_ . wt(3+2§8) o
TS 8 80l 40e2AQ ) Y
_ v o mG+28)e [ LEI }
= S0t T R e [l im0 . (A4)

The comparison of the (¢ — t.)-linear coefficient of (A.4) with (A.2) leads to the following
estimate:

t.(3+2 80u; \ 64 \*
yy = HOFB =< “‘) ¢ AW, 1) = ¢ A0, 1) (—) .
804/c,A(0, 1) Trt, 3mt2

C
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On substitution of the result for u; again in (A.4), we obtain

U2 2 t v3
==t —t)+u—(tc—t) |1+ —0C—t)+---|.
u 2( ) ultc(c )|: 6U2( ) j|

From the comparison of the above (¢ — t.)* terms with (A.3), the following relation is derived:

2.0 (A.5)
v, — | —+=—u = —us. .
2 PR 1 2
On the other hand, the right-hand side of (A.2) can be expanded as follows:
2v 3 1 Tt
~—+—-[1-A0,0)/A0,t) ]+ ————./
u 5 5[ 0,1)/A(0, 1:)] SA. 1) 4 Yz0
~2vg ey 3 (! v L AG ) — A®©. D]
T520 TS le SA0. 1) ’
1 , 3 34 5
zgvz(f—fc) _?MI(I_IC)_§9_1C2(I_IC)
M e |1+ -+
— it — Ot — .
Tt. e 6V, ¢

The comparison of (¢ — t.)?-linear coefficients in this case gives

duy 1 1 12 203
— Uy = vy — — — — . (A.6)
Tt 2 5 4512

By eliminating uv3 /v, terms from (A.5) and (A.6) we finally obtain for u, the result

1456
3577 452

us

Appendix B. The Maxwell relation of the thermodynamics

In this appendix we show that the Maxwell relation of the thermodynamics is satisfied for our
entropy (3.1). Against the change of the temperature and the magnetization the free energy
change dF (M, T) can be given by

dF M, T)=—-SM,T)dT + H(M, T)dM.
In our notation, it is written by
1 No
dF = —8n dT+§N0h do = —ToSm dt+7hda. (B.1)
The Maxwell relation is equivalent to saying that (B.1) represents the total derivative. It implies

the following relation:
0°F 0SS Ny 0h 0%F
360T 9o 2T, ot OT do

The ¢-derivative under the fixed o condition can be replaced by dy/dt as follows:

0 (Sm(cr, t)) Ty 0y(o,t)

_ 2 = Ay U (B.2)
do No 2Ty at

o

The validity of (B.2) will be shown below for our entropy.
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From the z-derivatives of the minimum condition of the free energy (2.7) under the fixed
o condition, we can get the following relations:

dy ay Ta Om
2B](y) Pl B'(y) —+— —

, 34, 0)  3AG:. 1)

ot dTy ot ot ar (B3)
2y [ D] 0 Lom 2T [3AGLD 940 '
T, " T Y T e T3 T T, a1 a1

where B/(y,t) and B’(y.,t) stand for the y- and y.-derivatives of B:(y,t), B(y:,1),
respectively, given by

1
B'(y,1) = ;/ dx x*[1/u+1/2u — ' ()] — c.
0
1
B/(y,t) = ;/ dx x*[1/u+1/2u> — ' ()] —c. + A/

(0,1)
Sw

1 T 2 prx eﬁwq
Al o) =—— (22 / dy 2 P2

2t \ Ty 0 (efra — 1)2

The y-derivative of the thermal spin-wave amplitude is also shown above as A} (o, ). The
partial #-derivative of the transverse thermal and spin-wave amplitudes, on the other hand, are
given by

A (v, 1) | L , dAg (o, 1)
Y —;/xc dx x u[l/u+l/2u — (u)]+T
0Agw (0, 1) Thao [ xz,Ba)qeﬂ“"f

9 2Tu /0 (ePos — 1)2
The following relations are also derived from the o -derivatives:
2B/(y.1) g—z +B(y.. 1) 2{7 + 2T;;z = —2D,,,
2T0 ’ 8yz , ay o aA 2T0
dﬁ [B . 1) Yy B,(y,1) £i| % 9 = mew
0Agw Ty 0n1  0Agw  Asw t 0Agw
Dy = —— + — = — = ——
do 2Tod 0o 0o o o ot
where we have used (2.12) between 17/1 and A, and the relation in the last line,
0Agw  Agw I 0Agy
o o o

o ot

Both the above ¢- and o-derivatives of y and y, can be expressed in terms of those of y and
Ay, in the matrix forms

Ay
ot —U
m()= ()
o (B.4)
w57\ (Tao 2004w (=1, 3Ta 92 (0
% 6Ty o ot

1/2) " 6T, g0 \ 1
where v and v, are defined by

0A;(y, 1)  0A(y;,t) Ta Om
v =2 - — A n

at Jt 3Ty ot
0A(y, 1)  0A(y., 1)
V) = —

TA oA 3771
+— (3 —=+—].
ot Jt 6T Jt Jt
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The 2 x 2 matrix M and its inverse are introduced by

M: (ZB,/(}”[)"'B/()’Z’[) Bl()’z’t))
_Bt/(y7t)+B/(yZat) Bl()’z’t) ’

- 1 B'(y:, 1) —B'(y:.1) >
M= L ( 3 3 (B.5)
detM \ B/(y,1) — B'(y.,t) 2B](y,1)+ B'(y., 1)

_ (M mp
my map )’
For the right-hand side of (B.2), the following expression of dy/d¢ is derived from the

above results:
dy [ A (y, 1) 8A(yz,t)} [3At(y,t) 3A(yz,t)}
= —mj 2 + +mip —

ar at at dt at

TA aA 87)]
+—13 — +2(— + 2) —

6T, |: ma o (=mi1 +mi2/2) ” j|

= —mjjvy +mpvs. (B6)
On the other hand, o-derivative of the entropy is given by

1 9S8 0A,(y, 1) 0 0A(y,, 1) 0 T, 1 0AS
L% s[04 D) Oy | 3AG D Bye ) Ta 0 1 OASK (B.7)
Ny 0o at do at do Ty Ny OJo

Among terms of the above result, the last two terms can be rewritten in terms of the derivatives
of y and Ay, as shown below. The third spin-wave term can be expressed as follows:

3T, [* oy 2 d d d
3T [T g B 9 (0 0m 9m
Tao Jo (efee —1)2  do at ot

dy d dy 0 ad
_ Oy dm By dm @[ am
do Jt at do at do  do
B dy dn;  6Tpt 0Agy 0y
do ot Tuo 0ot Ot
We have used the following relation derived from (2.11):
0 any I Tod [~ = x%ePv (,Ba)q)2 any dy 6Tyt 0Agw 0y
—y—+—)+— X——— = — = 4+ — —=.
ot do  do Tao Jo (efes —1)2 do 9t Tuo 0ot Ot
From the definition (2.10) for A F} and (3.2), the o -derivative of the last entropy correction is
given by

Ssw =

dm, Ono) 3Ty [ e By
Tao Jo (efrd — 1)2

do 0?0
On substitution of these results the left-hand side of (B.2) can be expressed in terms of partial
derivatives of y and Ay, as follows:
108 _ [2 A1) aA(yz,w} By 504Gz dAy:
Ny oo at ot do ot do

Ty 0y 0n1 6t 0Agy 0y Ta <8A dAy, oXr BAyZ)

IAS, T, (ax IAy. 9 8Ayz>

9t 9o do ot

+ JR—
Ty do Ot o ot 0t To

do
6t 0A(y,, 1) dy Tx 01 0AYy,

(B.8)
o ar ot T, or ot
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It is also given in the form of the simple matrix expression

1 9Sm ( 61 0Agy Ty OA )M’l —v)
No do o i’ Ty do V2
Tpo 61 0Agw
_ ( v — 20 )M,l T2, T o ot
v 3 Two 3 dAw | 3T, 00 )
Ty, ~ o “ar ' 2T b0
Let us next introduce two parameters V| and V; by
I 0Sm

_— = V+ V, B9
No 9o vpVit+uva ( )

then they are evaluated explicitly as follows:

TAO’

_ fao 1
Vi=op (L 1M (_1/2>

3t 9Ag (=1 (2
L [(—2, 0)M <0>—(1, 1/3)M (_1)}

Ty A (=1 (0
+?0£[(o, )M <0>—(1, 1/3)M <3/2>}

Tyo mip  mpp My 3t 0Agw 2my; my
= (mll ) + — mipp —

=22 -k Tk T2 +—
2Ty 3 2 6 o ot 3 3
T4y OM 3min nmypy Tyo
+—=— ———=4+my+— )= —mq
Ty do 2 2 2Ty

__Tuo _ -1 1
Vo= —5p (00 =2/3)M <1/2>

3t 9Agw /(0 (2
e [(—2, 0)M1<1)—(0, —2/3)M1<_1>}

Ty A {0 (0
+?0£[—(o, M <1>—(0, 2/ M (3/2)}

TAO
= ———mjy.
2T0 12

Note the following identity for the inverse matrix elements:

3m12/2—m21 +m22/2 =0.

If we finally compare the following result with (B.6),

1 08, TAO’( )

— —— = ——(vym; — vam

No 90 2T 1mi PIUS)
the Maxwell relation is verified.
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